A Simple and Convenient Measure of NMR Rotor Fidelity 
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A solution to this problem was provided by Levitt [||, 
who defined the rotor fidelity by the dot product of the 
quaternions describing the composite pulse and the desired 
ideal rotation, and it is this approach which has been used 
to date |HJ [H]. This definition, however, has one major 
disadvantage: while it is fairly easy to calculate it cannot 
be measured experimentally It would be desirable to find 
a measure of rotor fidelity which, like conventional quality 
measures, permits theory and experiment to be compared. 

One possible approach would be to use a conventional 
measure of pulse sequence quality and to average this over 
a range of starting states. Intuitively this seems reason- 
able, but it is not clear that such a method has any formal 
basis. Here we show how that this approach can, in fact, 
be derived from the definition of propagator fidelity widely 
used in quantum information theory [021 . 



We describe a simple scheme for calculating the fi- 
delity of a composite pulse when considered as a univer- 
sal rotor. 
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1. INTRODUCTION 

Composite pulses 0, ||, || play an important role in 
many NMR experiments, as they allow the effects of ex- 
perimental imperfections, such as pulse length errors and 
off-resonance effects, to be reduced. In conventional NMR 
experiments these pulses are used to implement particu- 
lar transformations on the Bloch sphere, such as inversion, 
and their quality can be easily assessed by determining the 
efficiency with which some known starting state is trans- 
ferred to the desired final state. Furthermore the transfer 
efficiency can be both calculated and measured, allowing 
a simple comparison between theory and experiment. 

An alternative approach to composite pulses, developed 
by Tycko B, seeks to design general rotors, that is pulses 
which perform well for any initial starting state. Compos- 
ite pulses of this kind, which are sometimes called Class 
A composite pulses || , are rarely (if ever) needed for con- 
ventional NMR experiments, but are useful in NMR imple- 
mentations of quantum computation @, 0, fjj, @, [1, where 
they act to reduce systematic errors in quantum logic gates 
[jl0|| . With pulses of this kind conventional measures of 
transfer efficiency are inappropriate, and it is necessary 
to consider the overall fidelity of the composite pulse se- 
quence when viewed as a general rotor. 



2. RESULTS 

A reasonable measure for the similarity of two pure 
quantum states is the square of the overlap between them, 



l(V>l|V>2>| 5 



(1) 



State overlap also provides a means to compare two dif- 
ferent propagators, U and V, acting on the same state by 
considering the overlap of their final states. The fidelity 
of the two propagators (that is, the extent to which they 
are the same) can then be obtained by averaging over all 
initial states: 



tr((7|V>)(V>|£/ t ^IV')(V'l^ t ). 
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When considering a single spin- ^ particle this expres- 
sion can be greatly simplified. Any pure state of such a 
particle corresponds to a point on the surface of the Bloch 
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sphere, and the corresponding density matrix p(9 1 <j)) can 
be expanded as a sum of the conventional I x , I yi and I z 
product operators jl3| and I (half the identity matrix, 
more normally written ^E). 
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The propagator fidelity can be obtained by integrating 
over the Bloch sphere. 
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where the fidelity at any point on the sphere, f(9,4>), is 
given by 

f(9,cf,) =tr luY / c J (9,cf>)I 3 U^vY / c k (9,cf > )I k V^ 

\ J k ) ( 5 ) 

= C M &ck(9, 4)tr (UljtfVIkVi) . 
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When integrated over the Bloch sphere, the coefficients 
of terms containing different product operators sum to 
zero, while the diagonal terms survive: 



(6) 



Note that Iq (which is a multiple of the identity matrix) 
commutes with any propagator, and so 

tr (UlorfVIoV*) = tr (l UU*I Wi) 



Hence the propagator fidelity is reduced to 

IrfOTjC/tV/jW). (8) 



j=x,y,z 



For an isolated spin-^ particle any unitary propagator 
can be considered as a rotation, and the rotor fidelity of 
a pulse sequence can be taken as the fidelity of the cor- 
responding propagator. As NMR experiments are usually 
conducted at high temperature, the spin is not described 
by a pure state, as assumed above, but by a highly mixed 
state. This state can, however, be considered as a mixture 
of the unit matrix and a deviation density matrix corre- 
sponding to a pure state, 
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and in most situations we are only interested in the devi- 
ation matrix \ip)(ip\. (In the language of NMR quantum 
computation this is referred to as the pseudo pure state 



approach |6|, |^| ; this is also the approach adopted in con- 
ventional NMR studies except that the contribution of I 
to the deviation matrix is rarely considered). 

Examining the behaviour of the deviation matrix leads 
to the same results as for a pure state except for a scaling 
factor of e 2 , and since e is in effect a measure of signal 
strength we follow common NMR practice and set e = 1. 
Thus the rotor fidelity is given by the previous expression 
for the propagator fidelity, equation |S[ Finally we note 
that tv(UIjWVIjV^) is simply half of the efficiency with 
which the propagator V transfers the initial state Ij to the 
desired final state UljW . Thus, neglecting a scaling factor 
of one half and an offset of one half, the rotor fidelity is 
equal to the conventional transfer efficiency averaged over 



(4) the three starting states I x , I y and I z . 



3. CONCLUSIONS 

The propagator fidelity provides a simple and convenient 
measure of rotor fidelity which can be used to assess the 
quality of NMR composite pulses designed to act as gen- 
eral rotors. Unlike the quaternion measure introduced by 
Levitt j2) the propagator fidelity can be both calculated 
(using equation ||) and measured experimentally (by av- 
eraging the conventional transfer efficiency over the three 
starting states I x , Iy and I z ). 
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